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1 Theoretical Introduction

1.1 Independent vs. Paired Means

From One to Two Means: We started this class with one-proportion and one-
mean problems. We then extended the one-proportion case to two-proportions, and
then to χ2 problems where we looked at groups of proportions. We will do the same
thing with problems dealing with means. In this lecture we will address problems
with two-means. In the following lecture, we will look at problems that have several
means, which is called the analysis of variance or ANOVA.

Independent vs. Paired Means: There are two different types of problems which
compare two means. One type of problem assumes that each of the two means is
coming from a population that is entirely independent of the other population. This
type of comparison is called an independent two-means problem. The other type
of problem is called a paired two-means problem. The word paired here indicates
that the members of one population are fundamentally linked with the members of
another population. An example is given below which further illustrates this idea
of pairing.

Twins Example: Researchers often like to do studies with identical twins because
they share the exact same genetic structure. Except in cases like “The Parent Trap,”
twins also have the same family, the same upbringing, the same culture, etc. Ev-
erything about them is the same. So if something happens to one of the twins, and
it does not happen to the other, then we can examine the effect of the thing that
occurred while controlling for family background, culture, and even DNA. Thus, if
we have a group of twins where one of the twins went to college and the other did
not, then we could see what effect a college education has on income, after control-
ling for an individual’s genetic code, family, socioeconomic background, ethnicity,
culture, etc. The average income of the twins that went to college and the average
income of the other twins that did not go to college is an example of two means
which are paired.

1The notes for this class follow the general format of Blake Whitten’s lecture notes for the same
course.
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If on the other hand we took a random sample of college graduates and a random
sample of people who did not go to college and compared the mean income of the
two groups of people, then we would be looking at an entirely different problem.
Why? Because we are no longer accounting for the socioeconomic background, cul-
ture, etc. of the people in the two samples. Since we just took random samples of
college graduates and people who did not go to college, then the two samples are
independent of each other. So when we compare the mean income between the two
groups, we are looking at an independent two-means problem.

More on Pairing: By using identical twins we are pairing on several different
factors–all the way down to the DNA. However, pairing does not need to be that
precise. For instance, we could still capture family background and socioeconomic
status by using siblings. Two siblings could be taken from 100 families. Then one
of the two siblings in each family could take a preparation class before taking an
exam. The other sibling in each family takes the exam with no preparation class.
The average test scores between the two groups could be compared to identify the
effect of the preparation class while controlling for family background, etc.

We can also do comparisons on the same individual through time.2 The average
number of sales at car dealerships in eastern Iowa during July 2008 could be com-
pared with the average number of sales at the same car dealerships in July 2011 to
see if sales have returned to pre-recession rates. Here each car dealership is mea-
sured twice at two different points in time. Some dealerships are very large and
may average more than 300 cars per months. Others may only average 20 cars per
month. By measuring each dealership twice we are able to account for the relative
sizes of the dealerships and focus on the question at hand.

1.2 Hypotheses

Whether we have a paired two-means problem or an independent two-means prob-
lem, the format of the hypotheses will be the same. Furthermore, there are a lot of
similarities between comparing two-means and comparing two-proportions.

A new distribution: Just as we did in comparing two-proportions, we need to
make a new distribution by subtracting the distribution for x̄2 (centered at µ2) from
the distribution for x̄2 (centered at µ1). The new distribution of x̄1 − x̄2 will then
be centered at µ1 − µ2.

2Individuals do not necessarily need to be people. They could be companies, machines, coun-
tries, plants, etc.
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The magic number 0: It is not surprising that our magic number is again zero.
If µ1 = µ2, then the center of our new distribution is zero. We will be using the
following hypotheses to compare two means:

HA : µ1 > µ2 ⇒ µ1 − µ2 > 0

H0 : µ1 ≤ µ2 ⇒ µ1 − µ2 ≤ 0

HA : µ1 6= µ2 ⇒ µ1 − µ2 6= 0

H0 : µ1 = µ2 ⇒ µ1 − µ2 = 0

HA : µ1 < µ2 ⇒ µ1 − µ2 < 0

H0 : µ1 ≥ µ2 ⇒ µ1 − µ2 ≥ 0

1.3 Deriving Formulas: Two Independent Means

The standard deviation: The derivation of the standard deviation for two in-
dependent means is very similar to what we did for two-proportions. When two
samples are independent, then the variances of the two samples can simply be
added together (we do not need to account for the covariance since it is zero when
the samples are independent).
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Here, H0 = µ1 − µ2 = 0, so that portion of the formula cancels out to zero.

Degrees of Freedom: The comparison of two independent means actually leads to
a distribution that is different from the t-distribution that we are used to working
with. However, the regular t-distribution can be used to approximate this more
complicated distribution by using the following formula for the degrees of freedom
(commonly called the Satterthwaite approximation):
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1.4 Deriving Formulas: Two Paired Means

Difference the data to get one sample: Remember that when we have a paired
two-means problem that we essentially have two observations for each unit in our
dataset. The unit may be a family, and we could have observations about two sib-
lings in each family in our dataset. The unit could also be an individual, and we
could have a “before” and “after” observations for each individual in our dataset.
(The unit for which we have two observations is sometimes referred to as a pairing
mechanism.) What we are fundamentally interested in is the difference that we
observe at the unit level.

For instance, how much does a test preparation class improve test scores on av-
erage? An individual may have a pretest score and a final score after taking the
test preparation class. Instead of looking at two scores, we only want to know the
different (i.e. final score − pretest score). Some people may have done better on the
test after taking the preparation class (positive difference), other people may have
done exactly the same (no difference), or even worse (negative difference). After
taking the difference for each unit in our dataset we will be left with only one num-
ber (instead of two) for each unit in our dataset. This then becomes a one-mean
problem where µ0 = 0.

Let x̄d be the average of the differences. That is

x̄d =
1

n

n∑
i=1

(
x1(i) − x2(i)

)
Similarly, let sd be the sample standard deviation of the differences. Then the
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t-statistic is given as follows:

t =
x̄d − 0

sd/
√
n

=
x̄d

sd/
√
n

Note that degrees of freedom are the same as in standard one-mean problems:
df = n− 1. Confidence intervals are given by

x̄d ± t∗
sd√
n

2 Example Problems

2.1 Dust Exposure: Part 1

[The first part of this example is based on problem 7.68 in the text.]

A total of 335 tunnel construction workers were examined to see how much dust
their lungs were exposed to at work. 115 of the workers specialized in drill and
blast work. This group had an average exposure of 18.0 milligram years per cubic
meter (mg.y/m3) with a standard deviation of 7.8 mg.y/m3. The remainder of the
workers in the study did outdoor concrete work and had an average exposure of 6.5
mg.y/m3 with a standard deviation of 3.4 mg.y/m3.

Hypothesis Test: Is there a difference between the average dust exposure of the
two types of workers? Do a four-step hypothesis test with α = 0.01.

First, is this problem paired or independent? How can you tell?

1. Define: µ1 = The average dust exposure of drill and blast workers in mg.y/m3.
µ2 = The average dust exposure of outdoor concrete workers in mg.y/m3.
HA : µ1 6= µ2 ⇒ µ1 − µ2 6= 0
H0 : µ1 = µ2 ⇒ µ1 − µ2 = 0

2. Calculate: From Minitab: t-stat = 15.08; p-value = 0.000; and df = 137

3. Decide: Reject H0 since p-value = 0.000 < 0.01 = α.

4. Interpret: There is sufficient evidence that the mean dust exposure for drill
and blast workers differs from the mean dust exposure of outdoor concrete workers.
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Confidence Interval: Find and interpret a 99% confidence interval for the differ-
ence in exposure between these two types of workers.

From Minitab, a 99% confidence interval for the difference in dust exposure between
the two groups is (9.508, 13.492).

Interpretation: With 99% confidence, the average exposure for a drill and blast
worker is between 9.5 and 13.5 mg.y/m3 higher than the average exposure for an
outdoor concrete worker.

2.2 Dust Exposure: Part 2

Some of the tunnel construction worker have experience working both as outdoor
concrete workers and as drill and blast workers. The dust exposure for a sample of
these workers was monitored as they worked for one month as a concrete worker and
also while they worked as a drill and blast worker for another month. The results
from this study are given below:

Dust Exposure By Job (in mg.y/m3)
Concrete Drill/Blast

Worker 1 7.8 12.7
Worker 2 3.7 7.2
Worker 3 10.8 14.5
Worker 4 6.5 18.0
Worker 5 8.7 9.2
Worker 6 9.1 8.8
Worker 7 5.3 12.2
Worker 8 12.9 17.6
Worker 9 4.8 8.1

Hypothesis Test: Are drill and blast workers exposed to more dust than concrete
workers, on average? Test using α = 0.05.

Is this problem paired or independent? How can you tell?

Confidence Interval: Quantify and interpret the difference between dust expo-
sure for drill and blast workers and concrete workers at 95% confidence.
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2.3 Assets and Liabilities

Table 7.4 in the text (p. 463) lists the ratio of current assets to current liabilities
(CACL) for several healthy and failed firms. If a firm’s CACL is greater than 1,
then they have more assets than liabilities; if a firm’s CACL is less than 1, then
their liabilities outweigh their assets. We would expect that healthy firms generally
have a higher CACL than failed firms. However, we can formally test this using the
data in Table 7.4.

Hypothesis Test: Do healthy firms have a higher CACL than failed firms, on
average? Test using α = 0.05.

Paired or independent? (You should always ask yourself this question
when doing a two-means problem.)

Confidence Interval: Find and interpret a 95% confidence interval for the differ-
ence in CACL between healthy and failed firms.

Minitab Caution: Minitab will assign µ1 and µ2 alphabetically based on the col-
umn titles of your data. For instance, if “healthy” is one column and “failed” is
another, then Minitab will assign µ1 as “failed” and µ2 as “healthy.”
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